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The effet of eletroni entropy on temperature peuliarities of the frequeny
harateristis of two interating anharmoni vibrational modes in β−Zr.
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A 2D temperature-dependent eetive potential is alulated for the interating longitudinal and
transverse L−phonons of β zironium in the frozen-phonon model. The eetive potentials obtained
for dierent temperatures are used for the numerial solution of a set of stohasti dierential
equations with a thermostat of the white-noise type. Analysis of the spetral density of transverse
vibrations allows one to determine the temperature at whih β-Zr beomes unstable with respet
to the longitudinal L−vibrations. The obtained temperature value pratially oinides with the
experimental temperature of the β → α strutural transition in zironium. The role of eletroni
entropy in the β−Zr stability is disussed.
PACS numbers: 63.20Ry, 05.10Gg, 63.20 Kr, 71.15N
In reent years, strutural transformations of ziro-
nium indued by high temperatures and pressures have
been intensively investigated both experimentally and
theoretially. Considerable attention has been given to
studying, at atmospheri pressure, the strutural stabil-
ity of the high- temperature β−phase and the peuliari-
ties of its transition into an α−phase existing at temper-
atures below T = 1136K1. The ommonly aepted view
today is that the strutural β → α phase transition at
atmospheri pressure is losely related to the softening
of the transverse phonon with wave vetor k = 1
2
[110]
(N−phonon) experimentally observed in β−Zr2,3. The-
oretial arguments in favour of this viewpoint are mainly
based on alulations of the effetive potential for the N-
phonon performed in the frozen-phonon model
4
. From
these alulations it follows that the effetive potential
of the N-phonon of Zr has a two-well shape, and, as a
onsequene, the phonon frequeny squared in the har-
moni approximation is negative. The imaginary phonon
frequeny points to the instability of β−Zr in the ground
state.
Using the perturbation theory formalism for anhar-
moni effets in rystals, it was shown
4
that at high tem-
peratures the β-phase of Zr beomes stable to the atomi
displaements orresponding to the N-phonon due to its
interation with other transverse vibrational modes lying
along the (110) diretion. Using a modified pseudohar-
moni approximation
5
, we in turn sueeded in showing
that in this ase stability may be attained by merely al-
lowing for the inherent anharmoniity of the N-mode
6
.
However, the stability of β−Zr as a whole is not de-
termined only by the lattie stability to the atomi dis-
plaements orresponding to the N-phonon. The alu-
lations performed in the "frozen"-phonon model
7
show
that β−Zr is also unstable with respet to the atomi dis-
plaements orresponding to the longitudinal vibrations
with wave vetor k = 2
3
(1, 1, 1) (Ll-phonon).
At pressures larger than the triple point (T = 973 K
and P = 5.5 GPa) suh displaements ause the tem-
perature phase transition from the β- to the ω- phase
(the AlB2-type struture). At room temperature the
ω-phase of Zr is experimentally observed in the pres-
sure range from 2.2 to 30-35 GPa
8,9
. At zero pressure
the instability of β−Zr to this mode manifests itself in
a sharp derease of the longitudinal vibration frequeny
obtained from the spetra of inelasti neutron sattering
near k = 2
3
(1, 1, 1)3. To our knowledge none of the ur-
rently available theoretial studies disusses the meh-
anism of stabilization of the high-temperature β−phase
with respet to the Ll displaements. Moreover, it is
still unlear whether stabilization is due to the inherent
anharmoniity of the Ll mode or to the phonon-phonon
interation.
In Ref. 10 we have suggested a model for two inter-
ating modes with wave vetor k = 2
3
(1, 1, 1) (a strongly
anharmoni longitudinal Ll mode, and an almost har-
moni transverse Lt mode) embedded in a thermostat
modelling their onnetion with the rest of the rystal.
The temperature dependene of the vibration fre-
queny of the Ll and Lt modes was found by solving a
system of stohasti differential Langevin equations with
a thermostat of the white-noise type, whih desribe the
motion of a partile in a two-dimensional effetive po-
tential W (x, y). The potential was alulated within the
eletron density funtional theory for a series of simul-
taneous atomi displaements x, y orresponding to the
Ll and Lt modes. The interation of these modes was
shown to result in an indued anharmoniity for quik
transverse Lt vibrations whih in the absene of intera-
tion remain almost harmoni at all temperatures onsid-
ered. The presene of indued anharmoniity leads to the
frequeny broadening of the spetral density S(ω) and to
the appearane of a ompliated temperature dependene
of S(ω) of the Lt mode.
The alulation of the probability density of the mean-
square atomi displaements
10
shows that the probabil-
ity of finding the atoms at the sites orresponding to the
bcc lattie (β−phase) inreases with temperature. How-
ever, even at temperatures muh higher than the point
of the β → α strutural phase transition this probabil-
ity is almost three times smaller than the probability of
finding the atoms at the ω sites. In other words, even at
2high temperatures the bcc lattie remains unstable with
respet to the Ll displaements.
We have assumed
10
the two-mode effetive potential
W (x, y) to be temperature independent. This is a rough
assumption beause, firstly, it does not allow for the
rystal lattie expansion with inreasing temperature.
Seondly, at finite temperatures the potential W (x, y)
should be alulated not from the total energy of a rys-
tal in the ground state, Eel, but from the free energy
F (T ),
F (T ) = Eel − TSel, (1)
where Sel is the eletroni entropy and T is the tem-
perature. In Ref. 11 the eletroni entropy was shown
to be of onsiderable importane in stabilizing the high-
temperature bcc phase of Zr.
The effet of the rystal volume hange on the two-
mode potential W (x, y) will be detailed elsewhere. In
this work we shall restrit ourselves to the alulation of
the eletroni entropy effet on W (x, y). We shall also
find the temperature dependene of the spetral density
of the longitudinal, Ll, and transverse, Lt, modes with
k = 2/3(111) and determine, at zero pressure, the stabil-
ity region of the β phase of Zr with respet to the atomi
displaements orresponding to these modes. To this end
we shall suessively onsider the dependene of the ele-
tron entropy Sel(T, x, y) and free energy F (T, x, y) on the
temperature and atomi displaements x, y. The effetive
potentials WT (x, y) = F (T, x, y) − F (T, 0, 0) alulated
at eah fixed temperature will be used in solving a set
of stohasti differential Langevin equations of motion
with a white-noise thermostat. An analogous stohasti
approah was earlier used
12
to model the lattie vibra-
tions of a strongly anharmoni rystal. In Ref. 12, as
distint from this work, the dynamis of motion of a sin-
gle longitudial Ll mode in a one-dimensional temperature
independent model potential W (x) have been studied.
I. THE TWO-MODE EFFECTIVE POTENTIAL
As in a previous paper
10
, the unit ell of β−Zr was
hosen as a hexagonal lattie with three base atoms.
A detailed desription of the unit ell geometry, its re-
lation with the bcc lattie parameters, and the atomi
displaements orresponding to the vibrations with the
hosen wave vetor k = 2/3[111] may be found, for
example, in Ref. 4. The total energy was alu-
lated by the self-onsistent full-potential LMTO (FP
LMTO) method
13,14
with the GGA approximation for
the exhange-orrelation potential term
15
. The same set
of FP LMTO parameters was used for all displaements.
The one-entre expansions inside the MT spheres were
onfined to lmax = 6 . The MT sphere radii were hosen
equal to Rmt = 2.20 a.u. Integration over k was per-
formed on a (10,10,10) mesh equivalent to 166 k-points
in the irreduible part of the Brillouin zone. The total
energy was alulated for 108 pairs of oordinates x, y
(18 values for the variable x orresponding to the lon-
gitudinal Ll mode, and 6 values for y orresponding to
the transverse Lt mode). The energies obtained were
first approximated by a tenth-degree polynomial for the
longitudinal vibrations and then by a fourth-degree poly-
nomial for the transverse ones.
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FIG. 1: Two-mode eetive potential for longitudinal and
transverse atomi displaements orresponding to the vibra-
tions with wave vetor k = 2
3
(1, 1, 1) in β−Zr. The displae-
ments are given in units of the lattie parameter a.
The two-mode effetive potential alulated in the
frozen-phononmodel is shown in Fig.1 (the potential part
orresponding to the positive period of transverse vibra-
tions is presented in the upper panel, while the lower pan-
els show the potential ross-setions for the transverse
(y = 0) and longitudinal (x = 0) vibration omponents.)
As seen from the figure, the total energy is minimum
at zero displaements (the atoms are loalized at the ω
sites). Two loal energy minima at x ≈ |0.166|, y = 0
orrespond to the bcc atomi arrangement. It should be
noted that to obtain the ω struture observed in ziro-
nium from the bcc lattie it does not suffie to merely
displae the atoms along the x-diretion, one should also
inrease the c/a ratio. Nevertheless, in this paper we
shall use the term "ω phase" for a lattie with zero dis-
plaements. At y = 0, the effetive potential for longi-
tudinal vibrations has a three-well shape, whih agrees
3with the alulations in Ref. 4. Sine the loal minima
are shallow, the bcc lattie of Zr is unstable with respet
to small longitudinal vibrations. At large transverse dis-
plaements, the potential for the longitudinal omponent
transforms into a two-well one.
The left lower panel of Fig.1 shows the ross-setions
orresponding to the "pure" transverse atomi vibrations
near the ω (solid line) and β (dotted line) entres. The ef-
fetive potential is seen to have in either ase a paraboli
shape, hene, the vibrations frequeny for the transverse
branh, in the absense of interation with the longitudi-
nal vibrations, must be desribed quite well by the har-
moni approximation in both the ω and β phases.
II. CALCULATION OF THE ELECTRONIC
ENTROPY
The eletroni exñitation entropy term in (1) will be
introdued as earlier
11
. This means that our analysis
is limited to the lassial lattie-dymanis regime when
the eletron-phonon interation effets beome negligible
and the eletroni exitation entropy term Sel. is bare
eletroni entropy
Se = −kB
∫
n[flnf − (1− f)ln(1− f)]dE. (2)
Here n(E) is the eletron density of states (DOS), and
f(E) is the Fermi distribution
f(E) = [expβ(E − µ) + 1]−1, (3)
β = 1/(kBT ). The hemial potential µ(T ) is determined
from the ondition for the number of eletrons z
z =
∫
n(E)f(E)dE. (4)
In paper 11 Sel was alulated for the hcp and bcc stru-
tures of Zr and Ti. The eletroni entropy was shown
to be large and strongly nonlinear in temperature, as a
result of both the volume and energy dependenes of the
DOS.
In Fig. 2, n(E) is shown for different atomi displae-
ments orresponding to the Ll vibrations in the absene
of transverse displaements (y = 0).
The bottom piture orresponds to the ω lattie (x =
0.0), and the top one to the bcc lattie (x = 0.166). It an
be seen that a onsiderable hange in the eletron spe-
trum ours at longitudinal atomi displaements. So,
the DOS at the Fermi level, n(EF ), gets almost doubled
on transition from the ω to the bcc struture. The DOS
at the Fermi level reahes its maximum at x = 0.1, when
the Fermi level passes through the peak of DOS.
The eletroni DOS at the Fermi level, n(EF ), and
the entropy at T = 300K alulated for the displae-
ments orresponding to the Ll vibrations in β−Zr are
presented in Fig.3. It is seen that at room temperature
the eletroni entropy hanges at Ll displaements in the
 0
 20
 40
 60
 80
 100
 120
 140
-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0  0.05
D
O
S 
(st
./a
t./R
yd
)
x=0.166 (bcc)
 0
 20
 40
 60
 80
 100
-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0  0.05
D
O
S 
(st
./a
t./R
yd
)
x=0.1      
 0
 20
 40
 60
 80
 100
 120
-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0  0.05
D
O
S 
(st
./a
t./R
yd
)
x=0.2      
 0
 20
 40
 60
 80
 100
-0.3 -0.25 -0.2 -0.15 -0.1 -0.05  0  0.05
D
O
S 
(st
./a
t./R
yd
)
Energy (Ryd)
x=0.0 (ω)
FIG. 2: The DOS of Zr at dierent atomi displaements x
orresponding to the Ll vibrations. Zero displaements orre-
spond to the ω-phase. The energy is rekoned from the Fermi
energy.
same way as the DOS at the Fermi level. This result is
in good agreement with the expression for the entropy of
a strongly degenerate eletron gas at low temperatures,
known from the eletron theory of metals
22
Se =
pi2
3
n(EF )T. (5)
From this expression it follows that, at a onstant tem-
perature, the entropy is proportional to the DOS at the
Fermi level. Nonetheless, it an be seen from the fig-
ure that near x = 0 and x = 0.16 this proportionality is
violated. To larify the situation, let us take a look at
Fig.4.
In Fig. 4(a) the temperature dependene of the en-
tropy is alulated for three atomi displaements orre-
sponding to: (i) the ω lattie(x = 0.0), (ii) the maximum
DOS value x = 0.10, and (iii) x = 0.20. It is seen that, on
the whole, in the temperature range onsidered the en-
tropy is fairly well approximated by a linear funtion of
temperature, whih is in good agreement with the expres-
sion for the entropy of a strongly degenerate free eletron
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FIG. 3: The DOS at the Fermi level (a) and entropy at T =
300K (b) for the atomi displaements orresponding to the
Ll vibrations.
gas (5). Fig.4(b) shows, however, that the oeffiient of
proportionality between entropy and temperature has an
intriate temperature dependene. So, it inreases with
temperature at x = 0.0, and diminishes with inreasing
temperature at x = 0.10, while at x = 0.20 the oeffi-
ient grows with a rise in temperature up to T = 1200K
and dereases with further inrease of T . In relation (5)
the oeffiient of proportionality between entropy and
temperature is merely the DOS at the Fermi level. The
temperature dependene of S/T in Fig.4(b) an be ob-
tained by replaated the Fermi energy in relation (5) for
the hemial potential determined from the normalizing
ondition (4). Indeed, as seen in Fig.2, the DOS grows
with inrease in hemial potential for x = 0.0, and de-
reases for x = 0.10. The intriate shape of the S/T
urve at x = 0.20 is due to the fat that with inreasing
temperature n(µ(T )) passes through the maximum. Cor-
respondingly, entropy grows at low temperatures and di-
minishes at high ones. Thus, expression (5) may be used
to alulate the entropy in a wide temperature range.
In Fig. 5 the eletroni entropy is alulated at T =
1800K for the atomi displaements orresponding to
 0
 0.5
 1
 1.5
 2
 2.5
 3
 400  600  800  1000 1200 1400 1600 1800
En
tro
py
 (a
rb.
u.)
Temperature (K)
(a)
x=0
x=0.1
x=0.2
 0.0008
 0.001
 0.0012
 0.0014
 0.0016
 0.0018
 0.002
 400  600  800 1000 1200 1400 1600 1800
En
tro
py
 / 
Te
m
pe
ra
tu
re
Temperature (K)
(b) x=0
x=0.1
x=0.2
FIG. 4: The temperature dependene of entropy (a), and the
oeient of proportionality between entropy and tempera-
ture (b) for dierent atomi displaements (x=0, 0.1 and 0.2).
both the longitudinal, Ll, and transverse, Lt, vibrations
with wave vetor k = 2
3
(1, 1, 1) in β−Zr. As seen from
the figure, entropy is an intriate funtion of the dis-
plaements. The entropy minimum ours at zero dis-
plaements orresponding to the atomi positions har-
ateristi of the ω struture (see the right lower panel).
In the left lower panel of Fig.5 the hanges in entropy
are shown at transverse displaements for the ω (solid
line) and bcc (dotted line) atomi onfigurations. The
entropy is seen to inrease for the atomi vibrations in
the ω lattie and derease in the bcc one.
III. TEMPERATURE DEPENDENCE OF
ENTROPY AND FREE ENERGY
As seen from Fig. 4, the temperature dependene of the
entropy differs for different atomi displaements x, y. In
Fig. 6 the eletroni entropy S(x, 0) is shown for various
temperatures. The differene in entropy between the ω
and bcc latties is seen to inrease with temperature, the
entropy maximum shifting from x = 0.10 to x = 0.2.
As the entropy enters in the free energy (1) with neg-
ative sign, suh a hange in entropy must lead to a de-
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FIG. 5: Eletroni entropy at T = 1800K for the longitu-
dinal and transverse atomi displaements orresponding to
the vibrations with wave vetor k = 2
3
(1, 1, 1) in β−Zr. The
displaements are given in units of the lattie parameter a.
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rease of the differene in free energy between the ω and
β phases with inreasing temperature, and, as a onse-
quene, to the variation with temperature of the effe-
tive potential shape. In the 2D ase the free energy as
a funtion of the displaements x, y has a shape similar
to that in Fig.1. Note that for eah fixed temperature
we obtain a partiular effetive potential WT (x, y). As
an illustrative example, we show in Fig. 7 only the 1D
potential WT (x, 0) for the Ll mode at different tempera-
tures, as being the most important for further disussion.
It an be seen that, at high temperatures, allowane for
the eletroni entropy results in a signifiant hange of
the effetive potential. Although the potential remains
strongly anharmoni at high temperatures, the energies
of the bcc and ω latties beome omparable.
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Thus, by alulating the free energy at different tem-
peratures, we obtained the temperature-dependent effe-
tive potetials for the interating longitudinal and trans-
verse vibrations of β zironium. In general, the magni-
tude of the potential barrier between the ω and β phases
dereases with inreasing temperature, whih should af-
fet both the vibration frequeny and the interation be-
tween the LL and LT modes.
IV. EQUATIONS OF MOTION FOR A
PARTICLE IN A POTENTIAL FIELD WITH
RANDOM FORCES
Let us onsider the dynamis of motion of a pseudopar-
tile in the 2D effetive potentialW (x, y) shown in Fig.1.
As follows from the onstrution ofW (x, y), the variables
x, y are generalized olletive variables orresponding to
two waves of atomi displaements with the same wave
vetor k = 2
3
(1, 1, 1) and different polarizations (longitu-
dinal, x, and transverse, y). We assume that the effet of
all the other phonons of the system may be represented
as random fores ating on a system of two interating
osillators. The dynamis of motion of two interating vi-
brational modes embedded in a thermostat with random
fores is defined by the stohasti differentional equations
of the Langevin type
6d2x
d t2
+
∂W (x, y)
∂x
+ γx
d x
d t
= Fx(t)
d2y
d t2
+
∂W (x, y)
∂y
+ γy
d y
d t
= Fy(t). (6)
Fx(t), Fy(t) are random fores with orrelators
< Fi(t) > = 0 (7)
< Fi(t)Fj(t
′) > = 2T γ δij δ(t− t
′), (8)
γ are oeffiients of the vibration damping, T is the tem-
perature of the thermostat. Assuming all the higher mo-
menta to be zero at n > 3
< F (t1)F (t2)...F (tn) >= 0, (9)
we obtain the standard definition of the random proess
F (t) alled Gaussian white noise.
The oeffiient in (8) was hosen so that Eqs.(6) de-
sribe, in the limit of large times, the relaxation of the
distribution funtion to the stationary Boltzmann distri-
bution with temperature T
P (X, v¯, t→∞) = exp
[
−
mv¯2/2 +W (X)
2kbT
]
, (10)
whereX(t) is a dynamial vetor variable, and the mean-
square veloity v¯ in the limit t → ∞ is equal to the
thermodynamially equilibrium value at temperature T
v¯2 = lim
t→∞
< v2 >= kbT. (11)
The equilibrium distribution (10) results from the a-
tion of two opposing tendenies. Owing to the pres-
ene of random fores F the veloity V (and, hene,
X) beomes a random value, while the term desribing
the damping γV suppresses V, tending to redue it to
zero. The set of equations (6) was solved by numeri-
al integration of stohasti differential equations, using
a method
21
being a generalization of the Runge-Kutta
sheme to the stohasti differential equations. We used
a 4-step method of third order with the parameters from
Ref. 21.
V. SPECTRAL DENSITY
When solving the set of stohasti differential equa-
tions, a partiular effetive potential W (T ) was on-
struted for eah fixed temperature T in (8). The alula-
tion was performed with a time step∆t = 1.57·10−16sec.,
the number of steps in the realization being Nsh = 3·10
8
.
Thus, the total time of modelling was tr ≈ 5 · 10
−8sec.,
whih is vastly greater than the period of vibrations of
the hosen modes. The test alulations for Nsh = 9 ·10
8
have shown that the result remains uhanged with suh
an inrease of the modelling time.
The stohasti dynamial variables (oordinates X,Y
and veloities VX , VY ) found by solving Eqs.(6) were
used to alulate the autoorrelation veloity funtions
Ki(τ) =<< Vi(0)Vi(τ) >>. To this end the whole inter-
val of modelling time was divided into realizations. The
values of dynamial variables X(t0),Y(t0) obtained at
the end of eah realization were used as the starting val-
ues for the next one. In the average, the length of one re-
alization was Nr = 100000 steps (1.57 · 10
−11
se). When
alulating the orrelators, the total number of realiza-
tions over whih the averaging was performed amounted
to 3000.
The autoorrelation veloity funtions are shown in
Fig.8 for different temperatures. It an be seen that at
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FIG. 8: Autoorrelation veloity funtions < Vx(0)Vx(t)) >
(upper diagrams) and < Vy(0)Vy(t)) > (lower diagrams) at
dierent temperatures T.
low temperatures the autoorrelation funtions osillate
for a time that exeeds the period of atomi vibrations,
whereas at high temperatures the orrelations deline
rapidly. This means that at high temperatures the sys-
tem quikly forgets about its initial state and omes into
a stationary one. The temperature dependene of the or-
relation time is determined by the onditions imposed on
random external fores F (t) ating on the system of two
osillators (see relations (7,8)).
7The first relation reflets the fat that the mean fore
ating on the system of osillators is equal to zero. The
seond ondition implies that the interation with the
thermostat is pratially instantaneous, and the su-
essive interations do not orrelate with one another.
As seen from Eq.(8), the magnitude of random exter-
nal fores inreases with temperature, whih results in a
faster damping of the orrelators. It follows from Fig.8
that at low (T = 300K) and high(T = 1800K) temper-
atures the autoorrelation funtions have pratially the
same osillation frequeny, while at intermediate temper-
atures there are additional osillations. This is espeially
notieable for the autoorrelation of the y omponent of
the veloity at T = 1200K, and for < Vx(t)Vx(t0) > at
T = 900K.
The spetral vibration density Si(ω) found from the
autoorrelation veloity funtion Ki(τ)
Si(ω) =
2
pi
∞∫
0
cos(ωτ)Ki(τ) d τ (12)
is presented in Fig. 9(a) for different temperatures. The
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FIG. 9: Spetral density of the L−phonon alulated for the
temperature dependent (a) and temperature independent (b)
eetive potential.
first maximum of the spetral density at frequenies lose
to ω ≈ 1THz is due to the longitudinal vibrations, and
the seond one, near ω ≈ 4THz is onneted to the trans-
verse vibrations. As seen from the figure, the tempera-
ture variation leads to a signifiant hange in the spetral
density of both longitudinal and transverse virations.
We first onsider the fine struture of the spetral den-
sity of longitudinal vibrations, Sx(ω), and its evolution
with temperature. At low temperatures there is only one
peak of frequeny ωx
1
≈ 1.9THz, whih orresponds to the
atomi vibrations near the sites appropriate to the ω lat-
tie (x = 0). With inreasing temperature, the frequeny
of suh vibrations diminishes, whih is due to a slight
anharmoniity of the effetive potential (Fig.7) near the
origin. At temperature T = 600K, overbarrier vibra-
tions arise in the system, leading to the appearane of
an additional peak in the viinity of ωx
2
≈ 0.9THz in the
Sx(ω) urve. With a rise in temperature, the probability
of overbarrier vibrations inreases, and at T = 900K the
share of suh vibrations beomes dominant. This results
in an inrease of the spetral density intensity Sx(ω) at
ω ≈ 1.0 THz and in its derease at ω > 1.5 THz. This
tendeny persists with further inrease in temperature,
the maximum of the spetral density shifting to greater
frequenies. As seen in Fig.9(a), at T = 1800K prati-
ally all Ll vibrations are the overbarrier ones.
An analogous hange in the spetral density is also ob-
served for the transverse atomi displaements (the fre-
queny range ω ≈ 3− 4.5 THz). Again, at room temper-
ature we see one maximum of frequeny ωy
1
≈ 4.2 THz,
orresponding to the vibrations near the sites of the ω
lattie. Then, with inreasing temperature, an additional
peak appears in the range ωy
2
≈ 3.5 THz. With further
rise in temperature this peak shifts to higher frequenies
and beomes the main one.
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FIG. 10: The temperature dependene of the frequeny ωmax.
The temperature-dependent eetive potential is shown by
the solid line, the temperature-independent one by the dashed
line.
In Fig.10 the solid line shows the temperature depen-
dene of the vibratonal frequeny at whih the spetral
8densities Sx(ω) and Sy(ω) have a maximum value (indi-
vidual values of ωmax were estimated for the longitudinal
and transverse omponents of S(ω)). As seen, for both
types of vibrations there is a disontinuity in ωmax. From
the above it follows that the disontinuity ours at Ttr,
at whih the intensities are equal: Sx(ω
x
1
) = Sx(ω
x
2
) or
Sy(ω
y
1
) = Sy(ω
y
2
).
For the longitudinal vibrations the temperature T xtr lies
in the range from 600 to 900 Ê, and for the transverse
ones T ytr ≈ 1200 Ê. The fat that the temperatures T
i
tr
differ is due to different nature of the two-hump struture
of Sx(ω) and Sy(ω). In the former ase, the presene of a
struture with similar intensities of the spetral density
reflets the fat that the overbarrier vibrations equal in
number the vibrations near the ω entres, while in the
latter ase the similar intensities indiate that the shares
of vibrations near the bcc and ω sites are equal. There-
fore, the spetral density of the longitudinal vibrations,
Sx(ω), arries no immediate information about the pro-
portion of time the system spends respetively in the bcc
and the ω lattie. Suh an information is ontained in
the spetral density of the vibrations, Sy(ω). It is seen
from the above that at a temperature lose to 1200Ê the
probabilities of finding the system in the ω and the bcc
phase are equal. The temperature T ytr an be onsid-
ered as the temperature of equilibrium between the two
phases with respet to the atomi displaements hara-
teristi of the longitudinal Ll vibrations with wave vetor
k = 2/3(111).
For referene, in Fig.9(b) is plotted the spetral density
of vibrations alulated for a temperature-independent ef-
fetive potential. In this ase for all temperatures the
effetive potential was the same, equal to the poten-
tial found from the total energy without allowane for
entropy. A omparison between Fig.9(a) and Fig.9(b)
shows that the greatest disrepany is observed for the
transverse vibrations. Namely, the two-hump struture
of the spetral density of transverse vibrations persists
up to T = 1800K, whih far exeeds the phase transi-
tion temperature in zironium. And at T = 1200K the
main ontribution to the spetral density omes from the
vibrations with frequeny ω ≈ 4.2THz, orresponding
to the vibrations near the equilibrium position of the ω
struture. The alulated values of ωmax for this ase are
shown in Fig.10 by a dashed line. As seen from the fig-
ure, taking aount of the temperature dependene of the
effetive potential leads to a derease in the frequeny of
both longitudinal and transverse vibrations in the system
and to a fall in temperature T ytr.
Thus, the alulation performed shows that the al-
lowane made for the eletroni entropy when modelling
strongly anharmoni lattie vibrations results in a de-
rease of the alulated temperature value at whih the
β phase of zironium beomes stable to the atomi dis-
plaements orresponding to the L phonon.
VI. CONCLUSION
In this work we have used β − Zr to disuss the ef-
fet of temperature on the effetive potentialW (x, y) and
the spetral density of vibrations of the longitudinal, Ll,
and transverse, Lt, interating modes with wave vetor
k = 2/3(111). The effetive potential ating on these
modes at zero temperature was alulated in the frozen-
phonon approximation within the eletron density fun-
tional theory by the FP LMTO method
13,14
. For nonzero
temperatures, the potential WT was defined as the dif-
ferene of the free energies FT alulated for different
atomi displaements, WT (x, y) = FT (x, y) − FT (0, 0).
The required eletroni entropy was defined through the
density of eletron states and the Fermi-Dira distribu-
tion funtion.
The results obtained show that in zironium in the
temperature range up to 2000Ê the entropy may be well
approximated by a linear funtion of the density of ele-
troni states. The shape of the effetive potentialW (x, y)
for the Ll and Lt vibrations strongly depends on the
temperature. With inreasing temperature the height of
the energy barrier between the bcc and ω strutures de-
reases. As a result, the bcc lattie of Zr beomes stable
with respet to these modes at lower temperatures. An
analysis of the vibrational frequeny of the transverse Lt
mode showed the temperature, at whih the β phase of
Zr beomes unstable with respet to the longitudinal Ll
displaements, to be TL = 1150±25K. This value prati-
ally oinides with the experimental temperature of the
β → α transition: Tβ→α = 1136K
1
. Thus, the bcc lattie
of Zr is dynamially stable with respet to the longitudi-
nal Ll vibrations owing to the intrinsi anharmoniity of
this mode. Of onsiderable importane is the eletroni
entropy whih substantially enlarges the stability region
of β−Zr with a derease in temperature. It is ommonly
believed today that under atmospheri pressure and low
temperatures the strutural instability of β-Zr is due to
the softening of the transverse phonon with wave vetor
k = 1
2
(110) (Nt-phonon)
3,19
. The result obtained in this
paper points to the fat that at zero pressure there is
at least one more proess responsible for the strutural
instability of bcc zironium: the atomi displaements
orresponding to the longitudinal Ll phonon. This brings
up the question as to whether the oinidene of the tem-
peratures T ytr and Tβ→α is aidental, or the Ll mode is
really of onsiderable, if not deisive, importane in the
β → α strutural transformation in zironium.
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